A thorough account is given of the derivation of uniform semiclassical approximations to the particle and kinetic energy densities of N noninteracting bounded fermions in one dimension. The employed methodology allows the inclusion of non-perturbative effects via an infinite resummation of the Poisson summation formula.
Introduction
The semiclassical limit provides a variety of useful approximate solutions to quantum mechanical problems. Where exact numerical results are either unfeasible or provide no general insight, semiclassical treatments have often been used to shed light on nonperturbative effects (e.g., tunneling) as well as to provide accurate estimates of the expectation values of observables [1, 2, 3] .
A quick path to the semiclassical limit of quantum mechanics is provided by the WKB approximation [4, 5, 6, 7] . However, it suffers from two important defects: i) knowledge is required of all possible solutions to the Hamilton-Jacobi equation at a given energy (or for a given time interval), and ii) it is singular at caustics of the classical motion, where the semiclassical wave function is also discontinuous as a consequence of Stokes phenomena [1, 2, 8] . Therefore, WKB is of limited practical utility. Problem i) will not concern us in this paper since our results are valid for noninteracting fermions in one-dimension for which the classical dynamics is trivial. Problem ii) can be excised in two different ways: by changing the representation of the semiclassical wave function in the regions where it behaves pathologically (see e.g., [9] ), or by using uniform approximations [1, 2, 10, 11, 12] . The former method provides local representations of the wave function which must be glued together to generate a complete semiclassical description. Its generalization is simple [9, 13] . Conversely, uniform approximations provide a global picture which is singularity-free, but are only known in a few simple cases [2] .
Semiclassical uniform approximations are generally obtained in terms of canonical functions which unfold the singularities intrinsic to primitive asymptotic treatments (e.g., WKB) [1, 2, 11, 12] . The Airy function Ai(z) = 1 2π is the oldest and most popular of this group of special functions [14] . Its preponderance is attributed to the ubiquity of the fold catastrophe which arises as a coalescence of two non-degenerate critical points of a mapping [2, 12] . For example, before writing the stationary WKB wave function, the corresponding Hamilton-Jacobi equation must be solved. Each of its solutions is a critical point of the classical action functional. In one dimension, for a generic classically-allowed position and energy, there exists two real solutions corresponding to positive and negative momentum. However, at a turning point there is a single zero momentum solution. As a result, the projection of the constant energy Lagrangian submanifold on configuration space is singular and the stationary spatial WKB wave function loses its validity [15] . The Airy uniform approximation is also based on the solutions to the classical equations of motion, but it encodes this information in a way that avoids the aforementioned issue altogether [1, 2, 10] . Another attractive feature of uniform asymptotic approximations is that they provide an understanding of the singular limits of physical theories. In particular, uniform approximations provide an explanation of how singularities arising in a coarsegrained description of physical phenomena (e.g., geometric optics) are smoothed out in a more detailed theory (e.g., wave optics) [11] .
The present work focuses on the semiclassical limit of sums of quantum mechanical probability densities over the lowest N bound levels. In particular, we construct uniform semiclassical approximations to the particle and kinetic energy densities (as defined later) of noninteracting fermionic systems in one dimension. Primitive semiclassical approximations of limited range of validity have been obtained before for these quantities [16, 17, 18, 19] . For instance, Kohn and Sham gave region-dependent discontinuous approximations to the fermionic ground-state density [16] . Lee and Light built a similar approximation by heuristic generalization of some properties of the linear potential Hamiltonian, but had to resort to discontinuous ad-hoc corrections from a different model to improve its accuracy [17] . More recently, Cangi et al. obtained a uniform approximation to the particle and kinetic energy density, but only in the case of vanishing Dirichlet boundary conditions and Fermi energy above any critical point of the potential energy function [19] . Similarly, Roccia and Brack constructed semiclassical expressions for the density and kinetic energy density in a classically-allowed region by applying the stationary-phase approximation to the Gutzwiller-Van-Vleck Green function [18] . Notwithstanding, uniform approximations to the kinetic energy and particle densities for the case of noninteracting fermions on R were lacking until our recent letter [20] , which provides contextual information, preliminary numerical analysis, and an outline of the path towards the main results. Here we present a detailed derivation of the uniform approximations introduced earlier and give additional insight into their behavior.
In Section 2 we introduce relevant definitions and establish notation. Section 3 contains the derivation of the uniform approximation to the semiclassical density, while section 4 does the same for the kinetic energy density. We conclude with open problems and future directions. Appendices I and II provide further discussion on the smallness of higher-order terms neglected in the treatment provided in the main text.
Definitions

Particle density and kinetic energy density
For an isolated non-relativistic system of noninteracting 2N spin-1/2 fermions bound to a smooth external potential v(x) with nondegenerate energy levels E k , the groundstate wave function Ψ can be written as the normalized antisymmetric tensor product of N single-particle states (orbitals) ψ i (x), i = 1, 2, ..., N satisfying (Ĥψ i )(x) = E i ψ i (x), where E i < E j , ∀ i < j. The corresponding particle density n(x; 2N ) ≡ n(x) is defined as the expectation value of the operator
The kinetic energy of the same fermionic system can be obtained as the expectation value of the kinetic energy operatorT . But it may also be obtained by spatial integration of non-uniquely defined kinetic energy densities. In this work we denote a convenient kinetic energy density by t(x) and utilize the following definition:
The operator identityT =Ĥ −V may be employed so t(x) can be rewritten in a form that will find use later:
where m is a particle's mass, and p 2 (x, E i )/2m = E i − v(x). Note that a nondegenerate fermionic ground state can be completely specified by its potential energy function v(x) and number of particles N . Hence, we define the Fermi energy E F so it lies between the energy of the lowest occupied and highest unoccupied orbitals, i.e., E N −1 < E F < E N . In this way, we may characterize a one-dimensional fermionic ground state by v(x) and E F . Assuming, without loss of generality, that each orbital is occupied by a single fermion of unit mass, the particle and kinetic energy densities for N noninteracting bound fermions may be rewritten as:
where the spectrum ofĤ is assumed discrete for notational purposes and θ(z) is the Heaviside step function giving 1 for z > 0 and 0 for z ≤ 0.
Semiclassical limit
The semiclassical limit can be approached in various ways [21] . For instance, while it is customarily said that within a semiclassical framework is taken to be arbitrarily small, this is mostly done only at a formal level. In general takes its natural value while some other quantity is assumed to be large which has the same effect as that of being small [1, 19, 22] . For example, in 1973 Lieb and Simon showed the predictions of semiclassical Thomas-Fermi theory are indistinguishable from those given by the quantum theory of nonrelativistic atomic systems in the limit where nuclear charges are properly scaled [23, 24, 25] . Our approach towards the semiclassical limit is in the same spirit of that of Lieb and Simon. However, while the latter investigated three-dimensional Coulombic systems, we study (with a different aim) one-dimensional noninteracting models of relevance e.g., to the fields of electronic structure theory [26] and warm-dense matter [27] . In particular, we apply the scaling given by → γ, N → N γ = N/γ (γ ∈ R + ) to distinguish the dominant contributions to the particle and kinetic energy densities in the semiclassical limit, in which γ → 0. Such scaling is discussed in more detail in Appendix I and Ref. [19] . Here we will just make the following observations: a) taking γ to be small is equivalent to making v(x) slowly-varying in the scale set by the Fermi energy; b) it is imperative that → 0 and N → ∞ simultaneously, for if v(x) is bounded and has a single critical point, the discrete part of the corresponding Hamiltonian spectrum is finite. Therefore, N cannot be taken to infinity without prior appropriate rescaling. In fact, an important feature of the scaling presented is that γ can be chosen so that any smooth binding potential allows a large finite number of bound states. Our derivation remains valid as long as this limit is assumed. Numerical evidence for the latter argument was presented in Ref. [20] .
Semiclassical uniform approximation to the orbital wave function
The classical limits for n(x) and t(x) can be derived from a plethora of methods. For instance, WKB wave functions may be used in eqs. (2) and (4) followed by application of the Euler-MacLaurin formula [28] to obtain the classical limit of n(x) and t(x), i.e., the Thomas-Fermi density and kinetic energy density functional. Another possibility is to employ the Van Vleck-Gutzwiller Green's function [29, 30] and use different representations of n(x) and t(x), e.g., as contour integrals in C, to estimate their semiclassical limits by the methods of singular perturbation theory [18] . A common feature of these treatments as well as others based on primitive WKB theory is that all of them inherit representation-dependent singularities that are intrinsic to WKB [13] . Therefore, while such approximations provide insight into the behavior of n(x) and t(x) in different configuration space regions, they are both practically and theoretically unpleasant.
By definition, uniform asymptotic approximations have fractional errors tending to zero in the limit of interest for all x ∈ R [31] . Therefore, if uniform approximations reducing to the WKB limit where appropriate (e.g., where the latter is well-defined) are employed to build semiclassical approximations for n(x) and t(x), then at least one source of potential singularities is eliminated. The Airy-type uniform approximation of the one-dimensional quantum wave function first obtained by Langer is particularly suitable [10] . Sufficient and necessary conditions for its validity are that v(x) must be such that the corresponding zeroes of the squared classical momentum p 2 (x, E) (turning points) are simple, and p(x, E) is analytic everywhere except where it vanishes. From now on we assume these requirements are satisfied. Let E denote the energy of a classical bound state, ω(E) the classical frequency of the periodic orbit with energy E, x − the l.h.s turning point for a particle with energy E and S(x, x − , E) the classical action measured from x − , i.e., S(x, x − , E) = x x − p(x , E)dx . Then, the corresponding Langer wave function can be written as:
where Ai(t) is the Airy function evaluated at t [32] . To simplify notation, we define
An identical approximation can be made where x − is replaced by x + and the action rewritten as S(x + , x, E) so it remains positive semidefinite in the classically-allowed region. While the Airy uniform approximation was originally built for the single turning point problem it may be extended (non-uniquely) for the case where there are two such points [33] . In this work we employ the following prescription: let x m be defined such that S(x m , x − , E) = S(x + , x m , E) = S(x + , x − , E)/2. Then, for x ≤ x m one may employ the left Langer wave function φ − (x, E), while the right is used otherwise. Both will be denoted by φ(x, E) from now on. Note that for any smooth v(x) where E defines a classical bound state state with two turning points, φ(x, E) is defined for all real x. In the classically-forbidden region, the action (and any quantities derived from it) must be analytically continued so that φ(x, E) remains real and well-behaved. For example, for
In particular, φ(x, E) is a continuous function of x across the transition region (between that which is classically-allowed and forbidden). Its behavior is oscillatory in the bulk of the classically-allowed region (z F (x) >> 0) [32] . For large negative values of z F (x), i.e., for x far from turning points in the classically-forbidden regions, it decays exponentially as expected for a bound finite system. Further, if the asymptotic forms of the Airy function are employed where the WKB wave function is well-defined, φ(x, E) is seen to be locally equivalent to that.
These remarks suggest the Langer wave function provides a promising starting point for the construction of uniform approximations to the semiclassical particle and kinetic energy densities.
3. Uniform semiclassical approximation to the one-dimensional particle density
Main idea
Our aim in this section is to obtain closed-form uniform approximations to the one-dimensional non-interacting fermionic density which respect the leading-order asymptotics of n(x) everywhere in configuration space. Without loss of generality we assume orbitals are singly-occupied and the fermions have m = 1. The external potential v(x) is required to be analytic and to have non-vanishing first derivative at the turning points of all classical orbits with E < E F . Under these conditions, the orbitals of non-interacting fermionic system can be uniformly and accurately approximated by the Langer wave functions described in the previous paragraph. It follows from Eq. 2 that the same is true for n(x). Thus, our treatment has as its starting point Eq. 2 with Langer wave functions (Eq. 7) employed as occupied orbitals. In what follows E F will always be chosen so that the classical action (see below) S(E F , x + , x − ) satisfies the semiclassical quantization condition S(E F , x + , x − ) = N π . This choice enforces normalization of the associated Thomas-Fermi density (the leading term in any asymptotic expansion of the particle density) to N particles [28, 34, 35] . Also equivalent is to assume the Fermi level corresponds to the energy of a state with half-fractional quantum number
For this reason every quantity evaluated at j = N − 1/2 will be denoted by a subscript F . Note the above implies the Fermi energy defines a compact Lagrangian submanifold of phase space, so that no states in the continuum spectrum ofĤ are occupied.
In the first step of our derivation we employ the finite Poisson summation formula [36] . It allows the rewriting of the particle density in a way that is amenable to a semiclassical treatment,
where −1/2 < α < 1/2, and ψ(λ) fulfills the following two criteria: i) it matches ψ j when λ = j, and ii) it satisfies Dirichlet conditions in any subinterval of unit length of (α − 1/2, N + α − 1/2) [36] . Using the finite Poisson summation formula with α = 0, and the Langer wave functions for each occupied energy level we obtain for the density n(x) the first approximation
In the integrals above, physical quantities defined previously as functions of E are written as functions of λ via the mapping E = E(λ) (e.g., ω(E) = ω(E(λ)) ≡ ω(λ)) which we assume can be well approximated by E WKB (λ). Because our assumptions imply non-degeneracy of energy levels and dE/dλ = 0 for all E ≤ E F , the map E(λ) is bijective in the integration interval. Note also the numerical value of each of the integrals in Eq. 11 is not invariant with respect to the choice of α.
Our strategy consists of a perturbative evaluation of the integrals in Eq. 12, followed by resummation of the dominant contributions to the asymptotic expansion of each integral. The terms in Eq. 12 where k = 0 and k = 0 are treated in different subsections, since their physical interpretations and asymptotic treatments are of a different nature, though, as will be seen, deeply connected.
Leading term
The leading asymptotic contribution to the density in the semiclassical limit is wellknown to emerge from the zeroth component of the Poisson summation formula [1, 3] . In other words, Thomas-Fermi theory may be obtained by approximating the summation in the definition of n(x) by an integral over classical (or WKB) probability densities [1, 19, 28] . Thus, we expect
to contain the classical limit of the one-particle density n(x). In what follows x will be regarded as a parameter, so it will be assumed constant throughout all subsequent developments unless explicitly stated otherwise. For ease of notation we omit the spatial dependence of physical quantities at intermediate steps of the derivation. Then, upon using the identity ω(λ)dλ = p(λ)dp(λ), n 0 (x) can be rewritten in a simpler form as a Riemann-Stieltjes integral [37] :
where
. Both p(λ) and z(λ) are of bounded variation in any compact interval of the (x, λ) plane (see Figures 1 and 2) . Additionally, the integrand is continuous in the integration domain. Therefore, the integral is well-defined. If f (p) were constant as is the case for the linear potential v(x) = x, a closedform solution would exist for n 0 (x). For well-behaved v(x) we expect f (p(λ)) to be a slowly-varying function of λ. In fact, as the limit defined in Section 2.2 is approached, the variation of f with respect to λ tends to zero (see Appendix I). This suggests the following zeroth order approximation, obtained under the assumption that f (p) is constant,
To extract corrections to n
0 we take partial derivatives of the above with respect to p (noting that in this case ∂/∂p = ∂N/∂p ∂/∂N ), change N to λ, and then apply the integration operator N −1/2 −1/2 dp(λ) to both sides. After rearranging terms we find:
where f (p) = ∂f /∂p. The identity ∂f /∂p = ∂z/∂p ∂f /∂z allows us to rewrite the correction to n
0 (x) in a simple form:
where L 0 corresponds to the first term on the r.h.s of Eq. 16 evaluated at λ = −1/2. Further integration by parts gives: (18) where L contains all previously integrated terms evaluated at λ = −1/2, i.e.,
A hint that L(x) will turn out to be negligible under our assumptions is that λ = −1/2 corresponds in the WKB approximation to a classical system with zero action, i.e., (c) Figure 3 . The contour represents a closed curve starting at ∞e −iπ/3 and ending at ∞e iπ/3 . The black dot represents a branch point at t = 0, and the branch cut is positioned at Re t < 0. For details, see Ref. [38] .
dxp [x, E(−1/2)] = 0. In this case,the classical motion is supported on a minimum of v(x). In Appendix I we show explicitly that both L(x) and the integral in Eq. 18 can be safely ignored under the scaling given in Section 2.2. Hence, we find n 0 may be approximated under conditions of small and large N by:
F (x)∂z(x, λ)/∂λ| λ=N −1/2 . Note that as x approaches a turning point corresponding to the Fermi energy,
. Thus, Eq. 20 reduces to Eq. 15 (minus the terms depending on λ = −1/2) in a neighborhood of each turning point. This is consistent with the assumption that there exists a region near the turning points where the potential may be linearized and where its properties become identical to those of the linear potential, a central requirement of this work. Further, use of the Airy function asymptotic expansions for large positive z F recovers the Thomas-Fermi limit for the density at leading order (see Appendix I).
Dominant corrections to leading term
Let n 1 (x) denote the sum of the components of the Poisson summation formula with k = 0. Then, using the integral representation of Ai 2 (−z) [38] , n 1 (x) can be expressed as:
where the primed summation implies that k = 0 and the contour C is given in Figure 3 . To obtain approximate forms for the integrals in Eq. 21 a choice of perturbative method must be made. For that, we recourse to the following arguments. It is well-known that the semiclassical limit of the fermionic particle density is expressed in terms of quantities that depend only on the Fermi energy [19, 28, 39, 40] . Similarly, as consequence of the Darboux-Christoffel formula the fermionic ground-state harmonic oscillator particle and kinetic energy densities can be written exactly in terms of the lowest unoccupied orbital ψ N (x) [41], e.g.,
where units were chosen so = m = ω = 1, single-occupation of the orbitals {ψ 0 , ..., ψ N −1 } was assumed, and for the harmonic oscillator p F (x) = 2(N − 1/2x 2 ). These motivate our assumption that the dominant contribution to each of the integrals in n 1 (x) originates from a small neighborhood of λ = N −1/2 in the integration domain.
Define F (λ) = 2πkλ − iz(λ)t and y(λ) = α(λ)z −1/2 (λ), so ∂F/∂λ = F (λ) = 2πk − iy(λ)t. Then, upon switching the integration order in Eq. 21 we obtain:
From integration by parts we find
The first term in the r.h.s of the above may give a useful approximation to n 1 (x) as long as the remainder R 1 is relatively small. In Appendix I, we show explicitly this is in fact the case at the semiclassical limit. The factor (2πik+α F t/ √ z F ) −1 may be expanded as a convergent geometric series in t/(2πiky −1 F ) within the disk |t| < t r = |2πky −1 F |. While y F can be made arbitrarily small (but different from zero) by the scaling defined in Section 2.2, no matter how large t r is, the integration domain will contains regions where |t| ≥ t r . If term-by-term integration is performed, then the resulting series will be divergent. Similar phenomenon arises in the case of many asymptotic expansions, such as the exponential and the Stieltjes integral [31, 42] . The behavior of this class of asymptotic expansions is well-understood, see, e.g., [31, 42] . For instance, the accuracy of estimates based on the leading term increases as the radius of convergence of the associated geometric series is enlarged. In addition, approximations obtained by the inclusion of higher-order corrections become progressively more accurate, but only until one reaches the parameter-dependent optimal truncation point where the error made by the asymptotic expansion is minimal, and beyond which the pathological behavior of the series starts to show (the magnitude of higher-order approximations increases unboundedly).
For each value of k in Eq. 21, we are only interested in the lowest-order terms. Further, as previously mentioned, the radius of convergence of the geometric series expansion of (2πik+α F t/ √ z F ) −1 is arbitrarily large in the semiclassical limit. Therefore, the pathological effects of the singularity in the integrand of Eq. 24 emerge only at highorder corrections for which we have no use. Thus, we expand (2πik + α F t/ √ z F ) −1 as a geometric series in t/(2πiky −1 F ) and follow it by changing the order of summation and integration to encounter:
The expression above may be simplified by use of the identities:
, for j odd, 0 otherwise, (26)
where ζ(p) is the Riemann zeta function [32] . It follows that:
This expression could be further simplified by using the binomial expansion for multiple derivatives of a product and a recently discovered formula for the jth derivative of the Airy function (so-called Airy polynomial [43] ). The end result is:
where for u ∈ Z, u/Z 3 = u mod 3, and each of the {ξ j (α F )} is a different power series in α F , e.g.: 
+ 16931177α
15 F 67749986304000 +..., (32) where B 2k identifies the 2kth Bernoulli number. The power series ξ j (α) seem to be related to periodic functions. For example,
This is an important feature of the leading term in the expansion given for n 1 (x). Recall that α F (x) (restricted to x − (E F ) < x < x m (E F ), or x m (E F ) < x < x + (E F )) is the angle-variable canonically conjugate to the Fermi action corresponding to the periodic orbit at E F . Therefore, unless its image is restricted, α F (x) takes an infinite number of values which differ by ±2πk, k ∈ Z. It is an interesting fact that in the approximation obtained for n(x) by summing the leading terms of n 0 (x) and n 1 (x) such restriction is completely unnecessary. When the dominant term of Eq. 29 (that with (q, j) = (0, 0)) is added to Eq. 20, we obtain an approximation for n(x) where α F (x) only occurs as the argument of a periodic function, as expected. Thus the approximation obtained by combining n 0 (x) and the first correction coming from n 1 (x) is single-valued and welldefined everywhere. Since the first few terms of some of the ξ j (α F ) also appear in series expansions of trigonometric functions of α F (around α F = 0), it is expected that the connection between the corrections of n 0 (x) and n 1 (x) remains at higher-orders. If only the dominant term in Eq. 29 is retained (see Appendix I), then
The addition of the above to Eq. 20 generates the following semiclassical uniform approximation to the fermionic particle density:
. (35) 
Discussion
Equation 35 expresses the quantum density of a fermionic system in one-dimension in terms of quantities evaluated along the complexified Lagrangian manifold defined by H(x, p) = E F where H(x, p) = p 2 /2m + v(x). It must be noted that while individual classical objects such as the action or momentum become purely imaginary in regions where tunneling happens, n sc (x) remains a real positive semidefinite function for all x ∈ R as required for probability measures. In addition, n sc (x) is continuous everywhere. It also has continuous first derivative except at the matching point (defined in Section 2.3) x m (E F ). However, in the limit of large N , small ,and fixed N ,
Because ω F and E F only depend on N and via the Fermi action I F = N the above indicates that in the semiclassical limit (see Appendix I) the discontinuity in the first derivative of the particle density at x m is irrelevant. Higher-order corrections to the semiclassical density can in principle be included by accounting for the contributions neglected to reach Eq. 35, e.g., the deviation of the Langer uniform approximation from the exact single-particle states ofĤ, the remainders of the various asymptotic approximations, etc. Nonetheless we have shown before the result obtained is already of high accuracy for a variety of potentials even when the number of occupied states is O(1) [20] .
Towards a physical interpretation of the various terms in n sc (x), we first note the particle density can be expressed in terms of the propagatorK(t) = e −iĤt/ in the configuration space representation, i.e.,
where time-reversal invariance guarantees the Green's function is well-defined for negative propagation times [17] . As is well-known the propagator K(x, x, t) admits an interpretation in terms of an integral over the space of closed paths based on x [44] . In the semiclassical limit, K(x, x, t) is expressed as a sum over amplitudes associated to topologically inequivalent closed classical orbits [13, 30] . These are classified by the Morse index µ. In the case of interest to this article µ is simply given by the number of times the velocity vector of a closed orbit with x(0) = x(T ) = x and energy E changed its sign [15] . The same interpretation can be ascribed to the different components of the Poisson summation formula (see e.g., [45, 46] ). By using the asymptotic forms of Ai(−z) and Ai (−z) in the allowed regions for classical motion at E F , it is therefore unsurprising that the leading terms terms of n sc (x) are decomposed into the two expected classes: a dominant non-oscillatory density (Thomas-Fermi) arising from the first two terms of Eq. 35, corresponding to the direct t → 0 orbit with µ = 0, and an oscillatory correction obtained from the third term of Eq. 35 which stems from the closed classical orbits with Morse index different from zero (see Appendices I and II).
Uniform semiclassical approximation to the kinetic energy density
The kinetic energy density (KED) can be found by reasoning similar to that for the particle density. We start with the finite Poisson summation formula representation for the KED defined in Eq. 4 with m = 1, singly-occupied orbitals and ψ j replaced by Langer wave functions φ(λ) (Eq. 7):
The dominant component can be rewritten as another Riemann-Stieltjes integral,
Assuming f (p) is constant we again recover a result which is exact for a linear potential,
Upon re-setting N − 1/2 → λ in the above, following it by taking a partial derivative with respect to p (for fixed x, but varying λ as usual), integrating both sides from −1/2 to N − 1/2, and then rearranging terms it is found that:
Each of the remaining integrals can be evaluated perturbatively. In particular, we change variables from p to z so as to obtain for the first two:
As noted before, under the scaling discussed in Appendices I and II, ∂f ∂z is small, so the dominant term of the above can be obtained by integration by parts:
By the arguments discussed in Appendix I the latter term in the above equation, the last of the integrals in Eq. 41 and all terms depending on λ = −1/2 can be neglected. Hence, the following provides the dominant component of the the defined kinetic energy density in the semiclassical limit:
The above may be rewritten in a way that makes manifest its relation to n 0 (x),
The higher-order terms emerging from the k = 0 components of Eq. 38 are obtained by performing essentially the same calculation done for the analogous terms of n(x),
In fact, the relationship between n 1 (x) and t 1 (x) is simple,
Our final expression for the kinetic energy density can thus be written as:
Equations 44, 47, and 48 indicate a strong similarity between the uniform approximations obtained for the density and kinetic energy density. This is unsurprising from the classical point of view, for a classical distribution of particles of unit mass ρ cl (x, p) has kinetic energy density given by (2π ) p) ] is employed, then the Thomas-Fermi kinetic energy density given by p 3 F /6π is obtained. Because the onedimensional particle density is given in the classical limit by n TF (x) = p F (x)/π , the configuration space classical kinetic energy density can be rewritten as n TF (x)p 2 F (x)/6. This in turn explains the factor of 1/6 in Eq. 48 as a manifestation of the classical limit of the defined quantum mechanical kinetic energy density.
As a result of its simple relation to n sc an analysis of neglected terms in the approximations made in this section is identical to those in the previous. Further discussion of this point is given in Appendix II. In Ref. [20] , the accuracy of t sc was illustrated with a Morse potential including 21 bound states.
Conclusion
We presented detailed derivations of uniform semiclassical approximations to the noninteracting fermionic ground-state density and kinetic energy density in onedimension. Open questions naturally emerge from our treatment. They may be classified into internal or external. The former corresponds to inquiries that can be discussed within the framework developed here, whereas the latter regard applications to different systems and further generalizations.
A simple internal question is whether there is a general relationship between the terms in the expansions for n 0 (x) and n 1 (x) which would allow the generation of higherorder terms in n 1 from those of n 0 . For example, Eq. 20 contains the factor α −1 F which is the leading term in the Laurent series of csc(α F ). The remaining terms of this series are obtained from n 1 . Because α F is an angle variable and csc(α F ) is the simplest trigonometric function which has a simple pole at zero, n 1 could have been conjectured from n 0 without any of the calculations done in Section 3.4. This is important because n 0 contains the Thomas-Fermi term which can be easily calculated for any noninteracting model, but n 1 is much less trivial as it includes non-perturbative effects due to an infinite number of topologically distinct closed orbits in a complexified phase space. Note that we do not comment here on the accuracy of our approximations for any given potential v(x). In the semiclassical limit, as described by γ-scaling in the Appendices, the derivation here given guarantees that corrections to n sc (x) vanish pointwise (though with different rates in distinct regions of R), i.e, can be made arbitrarily small for sufficiently small γ. But for a fixed v(x) and number of particles, we have not explored the difficult question of predicting, in general, the quantitative accuracy of the main results of this paper. On the other hand, all individual cases previously studied [20] suggest the uniform semiclassical approximations can be extremely accurate for smooth potentials satisfying the conditions previously outlined.
The behavior of various expectation values for observables depending only on local operators is also worth further study. For instance, the energy of a noninteracting fermionic system can be estimated with Eqs. 35 and 48 by adding the configuration space integral of v(x)n sc (x) to that of t sc (x). As shown in Ref. [20] , a pointwise comparison of n sc (x) and t sc (x) with the corresponding TF approximations indicates the uniform approximations include all of the quantum effects missed by Thomas-Fermi theory. On the other hand, the expectation values of configuration space observables O(x) are obtained by taking the integral of n(x)O(x) over all space. In some cases, e.g., the harmonic oscillator, this averaging perfectly cancels out errors in the Thomas-Fermi approximation, so that TF theory provides exact results. The effect would obviously be reduced for any system that cannot be reasonably approximated by a harmonic oscillator, but it implies further study of this issue is warranted.
It would also be interesting to find alternative derivations of the uniform approximations given here. Semiclassical formulas can often be derived in more than one way, emphasizing distinct aspects of a result. For instance, Refs. [19, 47, 48] provide three distinct derivations of the semiclassical approximation to n(x) with E F > v(x) ∀ x ∈ [0, 1], n(0) = n(1) = 0. Another example is Berry and Tabor's derivation of the EBK density of states via the Poisson summation formula [45] , followed shortly later by an alternative which employed the trace of a semiclassical action-angle variable propagator [46] . Each different methodology brings a new light to previously obtained results. In the case of this paper, it would be particularly beneficial to have an alternative systematic construction, since our derivation employed various identities exclusive to Airy functions, making it not obvious how to extend our treatment to general systems in any finite number of dimensions.
The simplest extensions of the formalism developed here which would still be limited to cases where classical dynamics is trivial are: a) the study of radial Coulomb problems, b) the treatment of systems with multiple potential wells, e.g., a periodic potential or a simple double well, and c) the development of uniform approximations to the density matrix.
It is unclear if the obtained semiclassical uniform approximations can be systematically amended to study radial Coulomb problems. For instance, the fast variation of the Coulomb potential near its center would forbid the use of the results given here. However, only the spherically symmetric s-states have substantial amplitude near the origin. Therefore, it could be that except for such states (which in any case will likely require a uniform approximation not based on Airy functions [10] ), our treatment remains valid.
Multiple potential wells in the weak coupling regime (high-energy barriers and/or large separations) would pose no challenge to the approximations here utilized, as to leading order in perturbation theory in the coupling constant each well can be treated independently and so the uniform approximations here presented would apply immediately as long as the Fermi energy is below all local maxima of the potential energy function. However, it is also uncertain whether there exists simple extensions of the formalism here presented which would i) account for tunneling effects between regions separated by a barrier, and ii) provide a non-singular description of the behavior of the particle density as the Fermi energy crosses critical points of the external potential v(x).
The one-particle density matrix can be employed to evaluate the exchange energy. Therefore, there exists large interest in the development of semiclassical approximations to the density matrix which contain the Thomas-Fermi limit and its dominant corrections. For instance, Elliott et al. [48] have recently demonstrated the low cost and high accuracy of exchange energies obtained from a semiclassical approximation to the density matrix. However, their result only applies to systems which satisfy Dirichlet boundary conditions and for which a particle with the Fermi energy would encounter no turning points in any of its possible classical paths. Hence, another direction for future research is the application of the methods here used to obtain a uniform approximation to the density matrix. However, the introduction of another degree of freedom poses additional technical difficulties, as a new set of classical singularities is introduced to the problem.
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Appendix I -Corrections to semiclassical particle density
In the derivations of n 0 (x) and n 1 (x), we neglected two types of terms: remainder integrals, such as the last term of Eq. 18, and integrated quantities evaluated at the minimum of the potential well V 0 = E(−1/2), e.g., Eq. 19. In this appendix we show that under the scaling → γ, N γ → N/γ, the aforementioned quantities become negligible relative to those included in Eq. 35 when γ is small.
Before doing so, let us recall two basic facts about our choice of scaling: i) because the limit where γ → 0 implies γ = γ → 0, the local de Broglie wavelength associated to the Fermi energy, |λ F γ (x)| = γ /|p F γ (x)| is almost vanishing outside a small neighborhood of p −1 F (0). This condition also characterizes the regions where the WKB approximation can be employed unrestrictedly [1, 2] ; ii) as γ → 0, the Fermi energy is preserved, but the spacing between energy eigenvalues of the original system is reduced to enforce the condition that N/γ states are occupied. This can be seen by examining the behavior of the scaled quantization condition for the Fermi action, 1 2πγ
whence it is seen that p F γ (x) = p F (x), and so E F γ = E F . A clear example is given by the harmonic oscillator with ω = 1, for which
Hence, the number of occupied states E F γ /∆E γ = N/γ as required. The analysis that follows will shed more light on some of these points. First, note that under γ-scaling, z
For any x different from a turning point, γ can be chosen small enough that the Airy function and its first derivative are arbitrarily close to the leading term of their asymptotic expansions. Hence, in the classically-allowed region we find,
The first term is the TF contribution, while the second is the leading, spatially-oscillating correction. Note that the oscillations become infinitely rapid in the limit. On the other hand, in the classically-forbidden region,
where we add to −1/2 a small constant δ → 0, for the Langer approximation requires turning points to be simple zeros of the classical momentum. This is not the case when λ = −1/2. In fact, the classical region for the corresponding state is a point. Therefore, any contribution to n 0 (x) from this term is exponentially small and can be safely ignored. Our final approximation for n 1 (x) (Eq. 34) transforms under γ scaling as:
As expected (based on the discussion in section 3.3) n 1γ is O (γ 0 ), i.e., of the same order in γ as the last two terms of Eq. 51. In the classically-allowed region for a particle at the Fermi energy,
Hence, the leading correction to the Thomas-Fermi term in Eq. 51 is of the same order as the dominant term of n 1 (x). Similarly, in the forbidden region for the Fermi energy,
while near a Fermi energy turning point,
We also neglected two types of terms in the derivation of n 1 (x). The first is 
while the second consists of
That R 2 (x) is of a higher order than Eq. 34 is easy to see because z F γ is O(γ −2/3 ) and α F γ = α F . Thus, all terms in Eq. 61 are relatively small compared to those in n 1 (x) as γ → 0.
In the case of R 1 (x) the next-order term in integration by parts will contain factors of 1/F 2 λ and 1/F 3 λ . This will yield various power series in x if the argument on section 3.3 is followed. Each contains terms in γ that vanish relative to n 1 (x).
Appendix II -Higher-order terms and limits of semiclassical kinetic energy density
From the equations defining our approximations to t 0 (Eq. 44) and t 1 (Eq. 47), it is clear that except for the introduction of p 2 F and rational factors, the expressions for the uniform approximation to the kinetic energy density share the same structure of those corresponding to n 0 and n 1 , respectively. Therefore, the considerations given in the previous Appendix can be applied almost verbatim to explain the smallness of the terms neglected in the derivation of t sc . In this appendix, we apply, for the sake of completeness, γ-scaling to Eq. 48 in the regions where the kinetic energy density behaves qualitatively different. This will provide further insight into the distinguishing features of the semiclassical approximations to the particle and kinetic energy densities.
In the classically-allowed part of the configuration space of a particle with the Fermi energy, the kinetic energy density behaves asymptotically as:
whereas in the evanescent and transition regions,
In comparison to Eq. 23 of ref. [20] , Eq. 63 contains an extra factor of 2 multiplying |p F | 3 . The former has a typo.
